Continuous Differentiability of Renormalized 
Intersection Local Times in R 1 

Jay S. Rosen* 



Abstract. - We study 7fc(x2> • • • , %k'i t), the k-fold renormalized self- 
intersection local time for Brownian motion in R . Our main result 
says that 7fc(x2, ■ ■ ■ ,%k',t) is continuously differentiable in the spatial 
variables, with probability 1. 

Resume. - Nous etudions 'yk(%2, ■ ■ ■ ,Xk)t),le temps local renormalise 
d'auto-intersection d'ordre k du mouvement brownien dans R 1 . Notre 
resultat principal montre que Jk( x 2, ■ ■ ■ > x ki t) es t presque surement 
continument differentiable dans les variables spatiales. 



1 Introduction 

The object of this paper is to establish the almost sure continuous differen- 
tiability of renormalized intersection local time for the multiple intersections 
of Brownian motion in R 1 . 

Intersection local times were originally envisioned as a means of 'measur- 
ing' the amount of self-intersections of Brownian motion W t G R m . Formally, 
the k-fold intersection local time is 

k 

ak(x 2 , x 3 , . . . , x k ; t) = / • • • / IT 8(W tj - W tl _ x - Xj) dt x ... dt k 

J J{o<ti<-<t k <ty jJ- 2 
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where 5(x) denotes the <5-function. Intuitively, a k (0, 0, . . . , 0; t) measures the 
'amount' of k-fold intersections. 
More precisely, we can set 

(1.1) a kj€ (x 2 ,x 3 ,. . . ,x k ;t) 

where f e is an approximate ^-function, and try to take the e — limit. 

In two dimensions, \im e ^ a k>e (x 2 ,x 3 , . . . ,x k ;t) will not exist unless all 
Xi 7^ 0! This gave rise to the problem of renormalization: to subtract from 
o/-k,e{ x 2i x Zi ■ ■ ■ i x h] t) terms involving lower order intersection local times, 
aj iC (x2, x 3 , . . . , x k \ t) for j < k, in such a way that a finite and continuous, 
e — > limit results. This was originally done for double intersections of Brow- 
nian motion by Varadhan [14], and gave rise to a large literature, see Bass 
and Khoshnevisan P, Dynkin [2], Le Gall pQElE] and Rosen El IIDI QH H2] ■ 

In this paper we are concerned with one dimensional Brownian motion. 
In this case, as we show below, the limit 

(1.2) a k (x 2 ,x 3 , ...,x k ;t) = lima kte (x 2 , x 3 , . . .,x k ;t). 

e— >0 

exists a.s. Although, as we will see, a k (x 2 , x 3 , . . . , x k ; t) is almost surely 
continuous, it is not C l in the spatial variable. It is here that renormalization 
enters in the one dimensional case. 
Let 

/•CO 

(1.3) g(x)= / e- t/2 p t (x) dt = e'^ 

Jo 

where pt(x) is the Brownian density function. We define the renormalized 
k-fold intersection local time for x = (x 2 , . . . , x k ) G R k ~ 1 by 

(1.4) 7*(z;*)= E (-i) |A| (n^))«^iOw) 

AC{2,...,k} j£A 

where for any B — {ii < ■ ■ • < i\ B \} C {2, . . . , k} 

(1.5) xb = (^tu x i 2 , . . . , Xj| S |). 

Here, we use the convention ai (t) = t. Simple combinatorics then show that 

(1.6) a k (x;t) = (II 9(xj)h k -\A\(x A -;t). 

AC{2,...,fc} jeA 
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The renormalization (11.41) used here is similar to that used in [TTJ and [T] for 
two dimensional Brownian motion, but in that case g{x) = / °° e~ t//2 p f (x) dt 
is infinite when x — 0, compare (jl.3p . One key result of those papers is that 
7a;(x; t) has a continuous extension from (R 2 — {0}) fe ~ 1 x R + to (R 2 ) k ~ l x R + . 
Here is our main result. 

Theorem 1 For Brownian motion in R 1 

(1.7) t) = lim a fcje (x; i) 

exists and is jointly continuous a.s. Furthermore, 7fc(x;t) zs differentiable in 
x and V x 7fc(x; £) is jointly continuous with probability 1. 

For k = 2, this was established in [9] by very different techniques. It 
seems impossible to use those techniques for k > 3. 

In [T3] we use Theorem [T] to give a simple proof of the CLT for the L? 
modulus of continuity of local time. 

Note that g(x) is continuously differentiable for x ^ 0. (jl.6p then ex- 
hibits precisely the non-differentiability of ak{x;t). This justifies our choice 
of renormalization (jl.4p . Simple combinatorics show that we obtain a similar 
result if we add any C 1 function to g(x). We have chosen g(x) as a potential 
density to simplify our proofs. 

Our paper is organized along the lines of |llj . That paper was concerned 
with the continuity of 7fc(x2,^3, . . . ,Xk',t) in two dimensions, for Brownian 
motion and stable processes. Our challenge here is to study differentiability, 
and for ease of exposition we consider only Brownian motion. After laying 
the groundwork in Section 2, we establish the existence and almost sure con- 
tinuity of ak(x2, X3, . . . , Xk, C) m Section 3, where ( is an independent mean-2 
exponential random variable. In Section 4 we show that the renormalized k- 
fold intersection local time "fk{ x 2, C) is almost surely differentiable 

with a continuous derivative, again at an independent exponential time. In 
Section 5 we use martingale techniques to obtain a.s. joint continuty. 

2 Intersection local times: moments 

Let Wt denote Brownian motion in R l with transition densites pt{x). In this 
section we introduce approximate intersection local times for W t and present 
formulas for the expectations of their moments. 
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Let / denote a smooth positive function supported on [—1,1], such that 
/ f(x) dx = 1, and for any e > let 



and f e ,x(y) — fe(y — x )- We define the approximate intersection local time 
of order k as 

(2.1) a k>e (x 2 ,x 3 , ...,x k ;t) 

k 

= [■■■[ f[fe. X3 (W tj -W t ^ 1 )dt 1 ...dt k . 

J J{0<ti<-<t k <t} J=2 

We often abbreviate this as a kje (x; t) where x = (x2, x 3 , . . . , x k ) G R . Let 
g(x) = e~^ 2 pt(x) dt = e~w denote the Green's function for W t , and let 
( denote a mean-2 exponential random variable independent of Wt- The 
following follows appear in |TTl Section 2], and are reproduced here for the 
convenience of the reader. The first formula follows easily from the Markov 
property for W t . 

Lemma 1 

(2.2) sfna^^jC)) 

/TL j k 

II II fei,xi{y l j ~~ Vj-i) IT 9(w v (p) - w v(p ^) dwx... dw k 
t,tl/ i=l j=2 3 p=l 

where x i = {x\, x\, . . . , x{.), k = E?=i K ( w i, ■ ■ ■ ,w k ) = {y 1 , . . . ,y n ) e (R 1 )* 
and V is the set of permutations v of {1,2, ... , k} such that whenever u>„( p ) = 
V), w v(p) = y) we have p> p <^ j >j. 

A change of variables leads to the following more useful formula. 

Lemma 2 



(2.3) e (n 

\i=l / 

tl k~ k ( ^ip) 

= e / n ri m n 9 *.« + u^yf p) + *; w ) 



seS i=lj=2 p=l \ j=2 

c(p-l) 

z s ( P -i) + E ( e s( P -i)Z/j (P_1) + %f P ~ l) )) ] dy] dz x ... dz n 
i=2 



where x l = (x l 2 , x l 3 , . . . , x\), k = Yh=i^^ $ ^ s the set of mappings s : 
{1, 2, . . . , k} I— > {1, . . . , n} such that | = k i} VI < i < n, and c(p) = 

\{u<p \ s(u) = s(p)}\. 



3 Intersection local times: existence and con- 
tinuity at exponential times 

We first consider the intersection local time a k at an independent mean-2 
exponential time (. 

A function Z t (x) indexed by e G (0, 1] and x in a topological space S will 
be said to converge locally uniformly in x as e — > if for any compact K G S, 
Z t (x) converges uniformly in x G K as e — > 0. 

Theorem 2 Almost surely, a k ^ t (x; C) converges locally uniformly in x as e — > 
0. Hence 

(3.1) a k (x; C) := \ima k , e (x; C) 

is continuous. 

Furthermore, the occupation density formula holds: 



(3.2) / $(x 2 , • • • , x k )a k (x 2 , . • . , x k ; () dx 2 . . . cfefc 

j ^{o<ti<— <t fe <c} 
/or a// bounded Borel measurable functions $ on R k ~ x . 

Remark 1. The occupation density formula (13.21) shows that a k (x;() 
is independent of the particular / used to define a k)€ (x; (). 

Proof of Theorem [2j We will show that for n even and 7 > we can 
find 5 > such that 

(3.3) £({a M (x;()-a fc/ (x';C)r) < c n „\{e,x) - (e',x')| 5n/2 

for all < e, e' < 7/2 and all x, x' G R h ~ l . The multidimensional version of 
Kolmogorov's Lemma, [61 Chapter 1, Theorem 2.1], then gives us that for 
any 8' < 5 and any M < 00 we have 

(3.4) \a k;e (x;()-a k)e ,(x';()\ < c n ^u)\(e,x) - (e',x')\ s ' /2 
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for all rational < e, e' < 7/2 and all rational x,x f G R k ~ 1 , \x\, \x'\ < M. 
Since C) is clearly continuous as long as e > 0, this will establish the 

statements concerning (13.11) . 

To establish (13.31) we first handle the variation in e. If h is a function of 
e, let 

A M ,/i = h(e) - h(e'). 

From Lemma 2 we have 

(3.5) E^ia^O-a^Or) 

n / n \ 

= n A ^'£ n o 

«=i \j=i / 

n , n k nk / c(p) 

= n a.,: e / n n /($ n * ^ + E(^; (p) + 

i=l seS i=lj=2 p=l \ 3=2 

c(p-l) _ _ \ 

- (^(p-i) + E (^(p-i)^ + ^ (p_1) )) dy] dzi . . . efe„ 
3=2 J 

where we eventually set all (e,, e£) = (e, e'). We expand this as a sum of many 
terms using 

(3.6) A e , e , (uv) = (A e>e m)v(e) + u(e') (A e>e ,u) 

so that each term contains for each 1 < % < n a single difference of the 
form A e .yg. Since each g factor in (13.51) involves at most two i's, whenever 
our procedure gives two differences involving the same g factor we write 
one of the differences as two terms. The upshot is that after setting all 
(ej, e'j) = (e, e'), the expectation E ({afc, e (x; () — afc ie /(x; ()} n ) can be written 
as a sum of many terms of the form appearing in (12.31) except that at least 
n/2 of the g factors have been replaced by factors of the form 

c(p) 

^e,e',j9(z s{p) + E(^(P)% (P) + X f P) ) 

i=2 

(3-7) -(^-d + (es^yf ~ 1] + xf^)) 

i=2 

where e can be variously e, e' and the notation A^/j denotes a difference 
between two g factors of the above form in which one of the e's, multiplying 
y^ or Vj has been replaced by e'. 
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Our result then follows using 



(3.8) \g(x) - g(y)\ = |e"W - < \x - y\(g(x) + g(y)) 

for the variation in e, and the variation in x is handled similarly. This 
completes the proof of (13. II) . 

To prove the occupation density formula (I3.2p we note that 

(3.9) J $(x 2 , • • • , x k )a k ,e(x 2 , ■ ■ ■ , x k ] C) dx 2 ■ ■ ■ dx k 

= /•••/ ®*F e (W t2 -W tl ,...,W tk -W tk _ 1 )dt 1 ...dt k 

where F t (x2, ■ ■ ■ , x k ) = IT)=2 ft( x j)- Hence, by what we have established 
above, we can take the e — > limit in (13. 9p to yield (13.21) whenever $ is 
a bounded continuous function. The monotone convergence theorem then 
allows us to obtain (13. 2p for all bounded Borel measurable $. This completes 
the proof of Theorem 2. □ 



4 Renormalized intersection local times: con- 
tinuous differentiability at exponential times 

We have defined the renormalized k-fold intersection local time for x = 
(x 2 ,...,x k ) G R*- 1 by 

(4.1) 7*fo*)= E (-l) |A| (Il^(^)K-|A|(^;t) 

AC{2,...,fc} j£A 

where for any B = {ii < ■ • • < i\ B \} C {2, . . . , k} 

(4.2) Xb ("^ii ) x i2 i ■ ■ ■ ) x i\B\ ) ■ 

Here, we use the convention ot\(t) = t. Define the approximate renormalized 
k-fold intersection local time for x = (x 2 , ■ ■ ■ , x k ) G i? fe_1 by 

(4.3) 7fc, e (z;0= E (-i) |A| (n^(^))«fc-iAi,e(^^)- 

AC{2,...,fc} jeA 
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where g e (x) — f e * g(x). Clearly 7fc i<E (x; C) G C 1 for fixed e > so that for 
any y h z x 

(4.4) 7fc, e (x 2 , • • • , xi-i, z h x i+ i, ...,x k ;() 

f z i d 

-lk,e{ X 2, • • • ) El-U Vh Xl+l, ...,X k ;C)= / TT- Jk,e( X 'i dx l- 

J VI oxi 

By Theorem [2] and the continuity of g it follows that almost surely 
1k,t(x;() — > 7fc(x;C) as e — > 0, locally uniformly in x. It follows from the 
next Theorem that ^-7^(2; () — ► Vfc(a;; £) as e — ► 0, locally uniformly in x, 
for some continuous ip k (x). Hence it follows from (14.41) that for any yi, z% 

(4.5) 7fc(x 2 , • • • , xi-i, zi, xi+i, ...,x k ;C) 

-j k (x 2 , • • • , %i-i,Vi, xi+i, ...,x k )Q= / i[> k (x] C) dxj. 



This implies that 7fc(x; £) is different iable with respect to xi, and -^Ikix; C) = 
ip k {x; C)j hence is continuous in x. 

Theorem 3 Almost surely, for each 2 < I < k 

(4.6) A-MziO 

converges locally uniformly as e — > . Hence the limit is continuous in x. 

Proof of Thorem [3t As in the proof of Theorem [2] it suffices to show 
that for n even and 7 > we can find 5 > such that 

(4.7) sf|A 7fcie ( x;C )_^. 7fce ,( x ' ;C )| \< Cn! ,\(e,x)-(e',x')\^ 2 

for all < e, e' < 7/2 and all x, x' e R k ' 1 . 
Note that 

8 

(4.8) —a kte (x 2 ,X3, . . . ,x k ;t) 



1-1 



[■■■ [ n/^-^-x- 

7 A0<ii<-<<fc<i} J=2 



ft 

(/e)'(W t , - W tl _i - Xi) J] / e (W tj - W tj _, ~ Xj ) dt X ... dt k . 
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Note also that since g(x) is differentiable for all x 7^ 0, with g'(x) = —g(x) 
for x > and g'(x) = g(x) for x < 0, it follows that for any compactly 
supported / G C^i? 1 ) 



(4.9) / f\x)g{x)dx 

J f'(x)g(x) dx + J f'(x)g(x)dx + J f'(x)g(x) dx 
Jim (f(-e)g(-e) - J f(x)g(x) dx^j + Jim J f'(x)g(x) dx 

/ roc \ 

+ Jim f -f(e)g(e) + J f(x)g(x) dx 

roo 

f(x)g(x)dx+ / f(x)g(x)dx 



-00 
00 



f(x)g'(x)dx, 

where for defmiteness we set g'(0) = 0. Hence as in (12. 3p . and using the 
product rule for differentiation 

/n I hi \ 
n n /e.(yj) (^)'(^) 

fe / c(p) 

p=l \ j=2 

c(p-l) \ 
- (^(p-1) + ^ (^^"^ + X i (P_1) )) ^1 • • • dz n 

sfcO,afc.A i=l j=2 



nfc / c(p) 

n^ (ai(p)+a2{p)) U.w+Ew (p) +^ (ph 

p=l V j=2 



c(p-l) 

(z a (p_i) + vf P ~ l) + x i (P_1) )) ] d v) dzi... dz % 

3=2 
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where = g,g^ = g',g^ = g", and A is the set of maps a = (a 1; a 2 ) : 
[1, . . . , kn] ^ {0, 1} x {0, 1} such that 



• Ep=i«i(p) + a 2 (p) =n 

• for each 1 < i < n 

nk 

E a l(p) 1 {s( P )=i} + «2(p)l{ S (p-l)=i} = 1 
p=l 

• if ai(p) = 1, then c(p) > / 

• if a 2 (p) = 1, then c{p — 1) > I. 

In other words, if s(p) = i then a\(p) = 1 if and only if, after using the 
product rule for differentiation, the p'th g factor is the only g factor to which 

has been applied. Similarly, if s(p — 1) = i then a2(p) = 1 if and only if, 
after using the product rule for differentiation, the p'th g factor is the only 
g factor to which -~ has been applied. In @2DD, a 2 = E^i a a (p). 

Then by scaling 



/n hi 
n n m 



c(p) 



n^ w+a2W) u s(P) +E(^f ) +^ ) 

p=l \ j=2 

c(p-l) 

,s(P-1) I s(p-l) 



- (^(p-i) + E ( e «(p-i)2/i + ^ )) ] dy) dz x ... dz, 

i=2 



where we eventually set all = e. 

We note in particular that if p is a 'bad integer', i.e. s{p) = s(p — 1), the 
g(' m ) factor in the above product has the form 

(4-12) 2 (m Wct)+4)) 
and in this case m — or 1. 
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Let us now analyze the changes which occur in (14.111) when we replace 
the factor ^a kr ^ r (x r ; () by ^ {(Y\ j£B 9e r ( xr j)) a k r -\B\,e r (x r B c] ()}. Keeping 
in mind (I4.12p we see that now s runs over those s G S such that s(p) = 
r, c(p) G B =>• s(p — 1) = r, i.e. such p's are bad, and in the integrand on the 
right hand side of (14. lip , aside from the factor ITfes 9^{ e rVj + ah other 
occurences of e T y\ + x\, i G B are deleted. 

If h(x) is any function of the variable x we use the notation 

V x h = h(x) - h{0) 

for the difference between the value of h at x and it's value at x = 0. If s G S 
we set B s = {p\s(p) = s(p — 1)}. The upshot is that we have 

(4-i3)^(n^i7^(^;C)) 

/n ki I 



c(p) 

X 

c(p-l) 

a(p-l) . a(p-l) 



n v e <P)V f^ ) n ^ )+ ^» ( z s{P) + E(^)y; w + 



- (^s(p-i) + E ( e s( P -i)y S j + xf p '))\ dy] dz x ... dz n 

3=2 J 

where we eventually set all (e*, ej) = (e, e'). 

To establish (14.71) we first handle the variation in e. By (I4.13p 

(4.i4) «(n(^,o-^o|) 

n r n ki 



e H) 5s /nn/fei 

i=l s£S,aG.4 i=l j=2 



n„(ai(p)+a 2 (p))|V , ,„ s ( p ) _|_ T S (P)^| I I TT "D 



s (z>)_i_„ 3 (p) 

\p£B B ) \peB s 

( c(p) 

p<E.BJ V j=2 

c(p-l) \ 

- (««(p-i) + E { e s{p-x)Vj + ^ (P_1) )) dy} dz 1 ... dz n 

3=2 
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where we eventually set all (e i; eQ = (e, e'). We will show that this is bounded 
in absolute value by c n |e — e'\ 5n / 2 for all |e|, \e'\ < 7. (At this stage, and for 
ease in generalizing to the variation in x, we allow e, e' to be zero or negative.) 
Compared to our proof of Theorem [2], the main difficulty here comes from 
the fact that g'{x), g"(x), although uniformly bounded, are not continuous 
at x = 0. It is here that the operators I\ p eB s *D Krf , <■&>) will pl & Y a critical 
role. 

In the following we let g$ = g, g' or g". Fix s & S,a E A. As in the proof 
of Theorem [2j the corresponding term on the left hand side of (I4.14p can be 
written as a sum of many terms of the form appearing in (12. 3p except that 
at least n/2 of the factors have been replaced by factors of the form 

(4.15) ^'/(zi + eiy} - zv + h) 

or 

A 6i>< (g\e iV ) + kYP,,,.,,) = (g\e lV ) + h) - g\e\y) + h)) V eiyi . +bi 
(4-16) +g^y} + b i ){V ety]+bi -V <y]+b ^. 

Furthermore, we can assume that any i which appears in (I4.16P differs from 
from any i, i' that appears in (14.151) . Otherwise, we simply write one of them 
as a difference of two terms and consider each separately. 
Consider first 

(4.17) K,e'/(^i + - 2* + h) 

= ^e^g {Zi + e iV) - z i' + &i)l{|2 i+ei2/ i_ a -.,+6 i |>4| ei -eJ||yi|} 
+Ae l ,e' i g\zi + 6iy) - Z V + bi^zi+eiyj-z^+bilK^ei-e'^}- 

For the first term since we are away from the discontinuity of g\ we use (13.81) 
to obtain a factor of C\ei — ej|, since < 1, while for the second term we 
use the fact that is bounded and hence the dZi integral contributes a factor 
of C\e{ — e'^. In more detail, on the set {\zi + e^y^ — zy + 6j| < 4 1 — e-||y*|}, 
up to a bounded error, we can replace every occurrence of 2, in a factor by 
z^, and in particular we simply bound A e . ;€ r.g»(zi + e^y^ — + £>») by 2. This 
eliminates any occurrence of except in l{|a i +eiy i .-« i ,+b j |<4|e < -e'.||j/*|} which we 
can write as l{B( 2: .,-ei2/ i .-6 i ),4|e i -e'.||3/ i .|)}( 2: i)- We then do the the dzi integral, to 
obtain a bound of C|e$ — e£|. 
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A similar analysis holds for the last term in (I4.16P since T> eiy i +b .—T> e i y i +b . = 
A e .yi +bite i y i +b ., and we have not yet 'used' the dz» integral. Finally, for the 

term (g^y) + h) - g\^y) + &,)) T> Hy i +bi in flUS}, if \e lV } + k\ > \e t - e<| 

then e^*- + bi and + 6, have the same sign, so we can use ( 13. 8ft to obtain 
a factor of C|ej — e^|, while if |ej?/j + bi\ < |e, — we can use T> e . y i +b . and the 

c/zj integral to obtain a factor of C|ej?/j + bi\ < C\ei — e^|. □ 



5 Renormalized intersection local times: joint 
continuity of the spatial derivative 

Recall the approximate k'th order renormalized intersection local time. 

(5.1) lke ( X ]t) = Yl 9e(Xj))0C k -\A\,e( X Ac;t). 

AC{2,...,fc} jeA 

Theorem 4 Almost surely, j e ,k(x', t) and ^-7fc ie (x; t) converge locally uni- 
formly on R k ~ 1 x R + as e — > 0. Hence 

(5.2) lk(x;t) d = \im% jk (x;t) 

is differentiable in x and V ' x 1e,k{x',t) is continuous in (x,t) e R k ~ 1 x R + . 

Proof: Let Y t denote Brownian motion killed at an independent mean-2 
exponential time (. From now on, 7 e ,fc(^;i) will be defined for the process 
Y t in place of W t . Using Fubini's theorem, it suffices as before to show that 
le,k( x \ t) and ^-7 £) fc(x; t) converge locally uniformly on R^ 1 x [0, Q as e — > 
with probability 1. We will focus on ^7^(2;; t), and leave the easier case of 
le,k(x] t) to the reader. 

If S is a subset of Euclidean space we will say that {Z e (x); (e, x) G (0, 1] x 
iS} converges rationally locally uniformly on S as e — > if for any compact 
K £ iS, Z e (x) converges uniformly in x G X as e — > when restricted to 
dyadic rational x, e. We note that since ^Je^i^t) for e > is continuous 
in e,x,t, saying that ^7^(2; t) converges locally uniformly or converges 
rationally locally uniformly on R k ~ l x [0, () as e — > are equivalent. 
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We know from Theorem [3] that -^-7^(0;; 00) converges locally uniformly 
on R k ~ 1 as e — ► with probability 1. Using martingale techniques we will 
see that the right continuous martingale 



converges rationally locally uniformly on R k ~ 1 x R + as e — ► with proba- 
bility 1. i\ e z(x; t) is not the same as ■^ x -'je !k (x; t), but we will see that they 
differ by terms of 'lower order', and we will be able to complete our proof 
by induction. Given the tools we have developed so far in this paper, the 
proof is conceptually fairly straightforward, but in order to treat the 'lower 
order' terms systematically we need to introduce some notation. This we 
now proceed to do. 

We first define the approximate k'th order generalized intersection local 
time 



(5.3) a kj£ (x 2 ,x 3 ,. . . ,x k ;4>;t) 

k 

J i k . 



I J[f e , Xj (Y tj -Y tj _ 1 )<j>(Y tk )dt 1 ...dt h 



and set 



a k , e {x 2 , x 3 , ... , x k ; <p) = a kte (x 2 , x 3 ,..., x k ; <fi; 00). 

&k,e{ x 2, %3, ■ ■ ■ , x k ; 4>) is the approximate k'th order generalized total inter- 
section local time. For ease of notation in later formulas, we also set 



(5.4) oc he {4>;t) = / <t>{Y tl )dh 

J{0<t!<t} 

and 

(5.5) ao ie ((j);t) = / 4>{z)dz 

although ai je (0;i) is independent of e and ao,e is independent of e, t. 
Observe that 

(5.6) E{a k>e (x 2 ,x 3 ,...,x k ;(j>) \ J 7 ^ 
= a k , e (x 2 ,x 3 ,...,x k ;<f);t) 

i=o \J{o<ti<-<ti<t<t i+ i-<t k } 



]Jf eiX .(Y t .-Y t ._ 1 )4>(Y tk )dt 1 ...dt k 
3=2 
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and for i > 1 
(5.7) e([ 



<U<t<t l+1 -<t k } 

f[Ux j (Y tj -Y tj _ 1 )<f>(Y tk )dt 1 ...dt k 

3=2 



Ft 



J{o<t 1 -<t i <t<t i+1 -<t k } jJ- 2 
E[U Xi+1 ((Y ti+1 -Y t ) + (Y t -Y ti )) ]J f^O^-Y^) 
{{Y tk - Y th _ x ) + ■■■ + (Y ti+1 - Y t ) + Y t ) | T t ) dh... dt k 

= J mti .^ t} n w** - yu (^i + - ^)) 

fe k 

II /e,^(^-)0(^+H l-z* + *t) 11 9{zj)dz,j dti... 

j=i+2 j=i+l 
= a ije (x 2 , X 3 ,..., Xf, \k-i,e[& X i+^ ■■■, x k] Yt]',t) 

where 

(5.8) \ k -i, e [<i>;xi + i,...,x k ;u](v) 

= f fe,x i+1 ( Z i+l +U-V) J] Ux&j) 

j=i+2 

k 

<fi(z i+1 H h z k + it) J| g-(^) cb m . . . dz k 

j=i+l 

= I g(z i+1 + v-u) J] #(^) 

0(^ + i H h z k + v) Yl fe,x 3 (zj) dz i+l ... d, 

j=i+l 

Similarly, for i = we have 
(5.9) 



V{o<t<*i- 



<t fc } 
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Uf e>x .(Y tj -Y tj _ 1 )c!>(Y tk )dt 1 ...dt k 



3=2 



'{0<t<ti •••<**} 

E[f[f e , X3 (Y tj -Y t ^) 
\i=2 



Y tk - Y^) + ... + (Y h - Y t ) + Y t ) | Tt) dh... dt k 
= / II Ux J (z j )(p(z 1 H h z k + Y t ) J[ g{zj) dzj 

3=2 3=1 

= J ' (f g(v)4>(v + z 2 H h z k + Y t ) \\ f e ,xj(zj)g(zj) dz}j dv 

= ao,e(Afc, e [0;x 2 , • • • , x k',Yt]',t) 
where, recall our convention (15. 5p . 

(5.10) \ k>e [(f>; x 2 , ■ ■ .,x k ;u)(v) 

= / g{v - u)(f)(z 2 H h z k + v ) J| f eiXj {zj)g{zj) dzj. 

By abuse of notation we can introduce a fictitious xi, and letting f e , xi {z\) 
denote S(zi), the ^-function, we can write 

(5.11) \ kte [4>;x 2 , ■ ■ .,x k ;u](v) 

= / g{zi + v-u)\\ g(zj)<j){zi + z 2 H h z k + v) \{ f e ,x,{zj) dzj. 

3=2 3=1 

Finally setting 

(5.12) A fcje [0; xi, ... , x k ; Y t ) =: X k>e [(p; x 2 , . . . , x k ; Y t ) 

this now takes the same form as (15.81) with i = 0. Then we can write 

(5.13) E{a Ke {x 2 

= a k , e (x 2 ,x 3 , . . . ,x k ;4>;t) 



k-l 



i=0 



X3, . . . , Xf, Afc_j ;£ [0; Xi + i, . . . , x k ; Y t ]; t). 
16 



Setting 

(5.14) \ k _i[(f);z i+1 ,...,z k ;u\(v) 

k 

= g{zi+i +v-u) Yl 9(zj)(p(z i+1 H h z k + v) 

j=i+2 

we have 

(5.15) \ k _ i>e [(f); x i+1 , . . .,x k ;u)(v) 

= / X k -i[4>; z i+ i, ...,z k ; u](v) n fe, Xj (zj) dz i+1 . . . dz k . 

j=i+i 

We next define the approximate k'th order generalized renormalized in- 
tersection local time 

(5.16) 7 fci£ (x;0;t)= ^ II 9e(xj))a k -\A\, t (x A -;<l>] t) 

AC{2,...,k} jeA 

and set 

lk,e( X 2, X 3, ■ ■ ■ , x k] 0) = lk,t{x2, ^3, • • • , x k\ 4>\ °o). 

lk,e{ x 2,Xz-i • • • ,%k] 0) is the approximate k'th order generalized total renor- 
malized intersection local time. As before, for ease of notation in later for- 
mulas, we also set 

7i,e(0;t) = / </>(Y tl )dh 

J{0<ti<t} 

and 

7O,e(0^) = J <f)(z) dz. 

Using (I5.13P we find that 

(5.17) E{-f kt6 (x 2 ,x 3 ,. . . ,x k \(j>) \F t } 

= 7k,e( X 2, x 3, ■■■, x k] 4>;t) 

+ e (-i) |A| (n^(^)) 

AC{2,...,k} jeA 
k-\A\-l 

/] Oti,e(xAc(l),XAc(2), • • • , XA c (i~l)] 
i=0 

Afc-|A|-i, e [0; %Ac(i), • • • , XAc(k-\A\y, Y t ];t) 
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where 

A c = {A C {1) < A c {2) <■■■< A c (k - \A\)}. 
We reorganize this by writing A as the disjoint union of 

A = {j e A | j < A c (i)} and Bi = {j e A | j > A c (i)} 

so that 

®i, e (xA c (l),XA c (2), • • • , XA c {i-l)] 

Afc_|A|-i,e[0; XAc(i), ■ ■ ■ , XA"{k-\A\)', Yt]', t) 

®i,e(xAc(l),XAc(2), • • • , XA^(i-l)] 

jj g e { Xj ))\ k ^\ A \_ i)e [<j)] x A o (i) , ^(fc-iAi); Yt);t). 

It is now easy to see that if we fix < I < k — 1 and sum in (I5.17P over all 
A C {2, . . . , k} with A c (i) = I + 1 we will obtain 

(5.18) 7;,e(^2, x 3 , . . . , xu Afc-;, £ [0; x l+1 , ...,x k ; Y t ); t) 
where 

(5.19) Afc-«,e[0; sj+i, . . . ,x k ; u)(v) 

= J Afc-*[0; . . . , z k ; u)(v) f[ fe, Xj (zj) dz i+1 . . . dz k 



j=i+i 



with 



(5.20) A k _i[<f);zi +1 ,...,z k ;u)(v) 

= Yl 9(zj))h-\B\-iA& x {i+i,-M-B; u }( v ) 

BC{l+2,...,k} j'eS 

= g(z l+1 + v-u) £ (-1) |B| (II^)) II 9{z 3 ) 

BC{l+2,...,k} j&B j£{l+2,...,k}-B 

4>( z l+l + Zi + V) 

ie{i+2,...,k}-B 
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k 

= g(zi +1 + v-u) n g(zj) 
3=1+2 

E E + 

_BC{i+2,...,fe} i£{l+2,...,k}-B 
k 

= g(zi+i+v-u) n g(zj)V Zj (j)(zi + i H h^ + v). 

The reader can check that this is consistent with our conventions when 1 = 0. 
Combining the above we obtain 

(5.21) E{j kte (x 2 , x 3 ,..., x k ; 4>) \ T t } 

fc-i 

+ E 7i,e(^2, ^3, • • • , %i\ Afc-i,e[0; • • • , Y t\] t). 

We will say that A k _i[<j)] z i+ i, . . . , z k ; u] is obtained from <fi by adjunction of 

Z i+Xi ■ ■ ■ > z k] u - 

In order to make the sequel easier to follow, we make some explana- 
tory comments. We will use (I5.2ip inductively to show that almost surely 
-^rlk,e{x2i ^3; • • • j ^fcj t) converges locally uniformly in x, t as e — > 0. The 
convergence of the conditional expectation will follow easily from martingale 
inequalities and the techniques we have used to obtain convergence at expo- 
nential times. When looking at the last line in (I5.2ip we encounter something 
new, the presence of Y t . Rather than try to deal with this directly we prove 
that almost surely 

d 

7i,e(^2, X 3 ,..., Xi] A fc _i e 0; X i+1 , . . . , X k ] U ]) t) 

dxi 

converges locally uniformly in x, u,t as e — » 0. Using the fact that Y is 
almost surely locally bounded, this will show that almost surely 

d 

-Q^-Ji,e(x2, x 3 ,..., x^ A fc -j, e [0; x i+1 , ...,x k ] Y t ];t) 

converges locally uniformly in x, t as e — ► which will allow us to complete 
the induction step. This explains the presence of u in fl5.19l) - fl5.20l) . We will 
refer to such u as a 'new' parameter, while the {x 2 , ■ ■ ■ ,x k } will be referred 
to as 'old' parameters. 
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We will say that a function ip yi ,...,y n (v) is an admissable function of v with 
auxiliary parameters y\, . . . , y n if it can be written in the form 

(5.22) ¥w..,»» = II 9{y,)Vvi f[g(v + E ±y«) 

jeBo »=i veB t 

where B{ C {1, . . . , n}, Vi = 0, 1, . . . ,p, and {1, . . . ,n} = \Ji=i Bi. Here p is 
an arbitrary positive integer. If (Py 1 ,...,y n (v) is of the above form we will say 
that t-P yi ,...,y n {v) 1S °f weight \B Q \ +p. Note that the weight of (f yi ,...,y n (v) is the 
number of g factors in (I5.22p . We will also consider the function ip(v) = 1 to 
be an admissable function of v (of weight and with no auxiliary parameters). 

If ( Pyi,...,yn{ v ) 1S an admissable function of v with auxiliary parameters 
yi,...,y n we will use the notation <Py u ...,y n -,e(v) to denote the function in 
which some of the auxiliary variables have been smoothed. More precisely, 
we will say that </ ? ift,...,s/n;e( 1 ') is a totally e-smoothed version of f yi ,..., yn {v) ^ 

(5.23) 

fyx,...,y n ;e( V ) = / fyi+ezi,...,y n +ez n (v) JJ f( Z i) dz i H d Vo( z i) 

for some subset A C {1, . . . , n} such that (with the notation of (I5.22p ) B C A 
and Bi f] A ^ for all % = 1, . . . ,p. In other words, we require that each g 
factor in f 1 5 . 2 2 j) contain at least one element of the set yj, j G A. Here /xo 
is the Dirac measure which puts unit mass at the origin. It would be more 
precise to refer to the function defined in (15.231) as (Py u ...,y n -,e,A{ v )i but in order 
to avoid further cluttering of the notation, and because the actual nature of 
the set A will be irrelevant for us, we shall simply drop it from the notation. 
The reader will note in the sequel that it is precisely the 'old' parameters 
which are integrated against an /. 

The next lemma assembles some facts about adjunction which follow 
easily from the definitions. 

Lemma 3 Let ip yii ... )3/n (f) be an admissable function ofv of weight q and aux- 
iliary parameters yi, . . . , y n , and let Ak-i[(p yit ..., yn ] Xi+i, ■ ■ ■ , x^, u) denote the 
function in A5.20\) obtained from ^ yi ,...,y n iy) by adjunction of Xi + \, . . . ,Xk',u. 
Then: 

1. A k _ i [(p yi) _ j y n ;x i+ i, . . . ,Xk, u)(z) is an admissable function of z of weight 
q + k — i and auxiliary parameters yi, . . . , y n , x i+ i, . . . , x k , u. 
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2. If i P yi ,...,y n ;e( v ) a totally esmoothed version of <p yu ...,y„(v) , then the- 
function h^-iA^y;^ • • • > x ki u ] defined in 115. lfy) is a totally e-smoothed 
version of A k -i[ip y ; x i+u ...,x k ;u]. 

In the following, the notation S7ji t e(x; ip y . e ) will denote the gradient with 
respect to x and y. In fact, we are not interested in differentiating with 
respect to 'new' parameters, but to avoid excessive notation we consider 
them also. 

The next lemma generalizes Theorems [31 

Lemma 4 Let (p y (z) be an admissable function of z of weight k — % and 
auxiliary parameters y = (yi, . . . ,yj) and let f y]€ (z) be a totally e-smoothed 
version of ip y (z). Then there exists 5 > such that for each n and M < oo 
we can find c n ^i < oo such that 

(K oa\ j? (I l V 7i, e (^; fine) ~ V7i, e '(V; Vy';e')\ Y\ , 

where sup F is taken over all dyadic rational pairs (e,x,y) ^ (e',x',y') such 
that < e, e' < 1 and \x\, \x'\, \y\, \y'\ < M. 

Proof of Lemma |4j According to [6, Chapter 1, Theorem 2.1], it 
suffices to show that there exists S > such that for each n and M < oo we 
can find c U) m < oo such that 

(5.25) E(\V^, £ (x;ip y;e ) - V 7i ,e'(^ ^v)D < c nM \(e } x,y) - (e 7 , x', y')\ Sn 

for all (e,x,y),(e',x',y') such that < e, e' < 1 and \x\, \x'\, \y\, \y'\ < M. 
(I5.25P follows as in the proof of Theorem [31 □ 

Proof of Theorem [4] (continued): 

We will show by induction oni = 0, 1, . . . , k that V7i )e (x; <p y . e \ t) converges 
locally uniformly in (x,y,t) e x [0, Q as e — >• for all admissable 

functions (p y (z) of z of weight k — i and auxiliary parameters y — (yi, . . . , yf). 

The case i = k and (f y (z) = 1 will prove our theorem. 

Consider first the case of i = 0. We have to show that if (p y (z) is an 
admissable function of z of weight k and auxiliary parameters y = (yi, . . . , yf) 
and ip y - t (z) is a totally e-smoothed version of <f y (z), then both 

7o, e (x;<£> y;e ;t) = / <p y - € {z) dz 
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and 

g-nf ,e(x;cp y . e ;t) = J q-<PvA z ) dz 

converge locally uniformly in y G i?- 7 as e — > 0. This follows as in the proof 
of Theorem [3j 

Assume now that for all p < i, and for all admissable functions &y(z) of 
z of weight k — p and auxiliary parameters y = (yi, . . . , yy) we have that 
V7 Pie (x; $ y;(E ; t) converges locally uniformly in (x,y,t) G R J ' +p ~ 1 x [0, Q as 
e — > for any totally e-smoothed version $^(2) of Let us show that if 

(fiy(z) is an admissable functions of z of weight k — i and auxiliary parameters 
y = (j/i, . . . , and (p y - e {z) is a totally e-smoothed version of <f y (z), then 
V"fi >e (x; <f y;e ; t) converges locally uniformly in (x,y,t) G x [0,0 as 

e->'o. 

With Fm as in Lemma HJ let FJJ; m = 1, 2, ... be an exhaustion of Fm by 
a sequence of finite symmetric subsets. (A set F of pairs (a, 6) is symmetric 
if (a, 6) G F =>> (6, a) G F) . Let us define the right continuous martingale 

(5.26) r i>e (x; <^ ;e ; £) = E (Vj i}e (x; tp y - e ) \ T t ) ■ 

By [SI Chapter II, Theorem 1.7 ] applied to the right continuous submartin- 
gale 

(k 7\ Am _ miT , |L M (x;^ ;e ;t) - r M ,(o;'; yy. £ ,; t)| 



we have that 

(5.28) E\ \ sup sup 



Y i<e {x\(f y . e \t) - Ti^(x';Lp yl . e ']t)\ 
\(e,x,y) - (e',x',y')\ 5 
|V7i, e (x; <p y . e ) - Vj ije >(x'; yy. e 



- E ^f£ \(e,x,y)-(e>,x>,y>)\« 



< F (j lYjh^fm) ~ ^liA x '^y';e>)\ 
~ \\fm \(e,x,y)-(e>,x>,y>)\s 



< C n ,M 

where the last line used Lemma HI Hence 



(5 ' 29) ' ' " 2? — — f ) - c 
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In particular this shows that 

(5.30) sup sup \r it£ (x;ip y;e ;t) -r ite >(x;<p y/;e r,t)\ < C(u)\e - e'\ 5 

where F\,m denotes the set of dyadic rational (x, y) G Ri +l ~ l with \y\ < 
M. Thus, Ti jlE (x] (p y -e\ t) converges rationally locally uniformly on x R + 

as e — > with probability 1. 

It is easy to see that V^i^x; <p y - e ; t) is continuous in e,x,y,t for e > 

0. Thus, as with Vj ei k(x;t), saying that V7i )6 (:r; <p y;e ; t) converges locally 
uniformly or converges rationally locally uniformly as e — > are equivalent. 

(5.31) r i>e (x;ip y . e ;t) 

i-1 

+ H V 7 P ,e(^2, x 3 ,..., x p \ A i _ Pje [yjj / . e ; x p+ i, ...,Xi] Y t ]; t) 

p=0 

Hence to show that Vji je (x;(p y . e ;t) converges locally uniformly on R^ 1 ^ 1 x 
[0,C) as e — > with probability 1 it suffices to show that for each p < i 

^Tp,e(^'25 -^3: • • • 5 -Epi ^4— p,e\}Py\ei ■Ep+ly ■ ■ ■ j ■Eii ^t]j ^) 

converges locally uniformly on x [0, Q as e — > with probability 

1. However, by Lemma El Ai_ P)e [<p y . e ] x p+ i, . . . ,Xi, u] is a totally e-smoothed 
version of Ai_ p [{p y ; x p+ i, . . . ,xf, u], and the latter is an admissable function 
of weight k — p with auxiliary variables y, x p+ i, . . . , Xi, u. Therefore, by our 
induction assumption, 

converges locally uniformly in (x, y, w, i) G -R- J+l x [0, () as e — > with proba- 
bility 1. Since Y t is locally bounded on [0,0, this completes proof of Theorem 

n □ 
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